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Abstract

The quantum group version of the Bernstein—-Gelfand-Gelfand resolution is used to construct a double complex of Uy (g)-
modules with exact rows and columns. The locally finite dual of its total complex is identified with the de Rham complex for
quantized irreducible flag manifolds.
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1. Introduction

Over the last two decades a vast amount of papers have been devoted to the translation of classical geometric
concepts to coordinate algebras appearing in the theory of quantum groups. It is a recurring theme that such
constructions are possible if the underlying geometric object can be expressed in purely Lie algebraic terms. A list
of examples where this translation has a very simple and compelling form might include the standard definition of
the g-deformed coordinate algebra C,[G] inside the dual Hopf algebra of U, (g) [9, 9.1.1] or the construction of the
quantum group version of the homogeneous coordinate ring of a flag manifold [9, 9.1.6]. Certainly, one always aims
for quantum effects, as for instance Drinfeld duality, which transcend the classical undeformed situation. However,
we will not encounter significant quantum effects in this paper.

Differential forms are an example of a geometric concept where the translation from the classical to the quantum
group setting is far from obvious in general. However, there is a notion of covariant differential calculus on quantum
spaces, introduced by S.L. Woronowicz [24], which has attracted much attention for many years ([12] and references
therein). It soon turned out that for a general quantum space there exists no canonical construction of a covariant
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differential calculus. However, in [7] we showed that for quantized irreducible flag manifolds G/Ps where G is a
simple complex affine algebraic group and Pg a standard parabolic subgroup there exists a g-analogue of the de Rham
complex which in many respects behaves like its undeformed counterpart. The aim of the present paper is to relate
this complex to its Lie algebraic shadow, the Bernstein—Gelfand—Gelfand (BGG) resolution. In the quantum case such
a construction was suggested by L.L. Vaksman and a first indication of its feasibility can be found in [22] where
generalized Verma modules are used to obtain g-analogues of differential one forms.

The main result of the present paper, Theorem 7.14, states that the de Rham complex investigated in [7] can also
be obtained as the locally finite dual of a BGG-like sequence of U, (g)-modules induced by U, (Is)-modules, where
[s denotes the Levi factor of the parabolic subalgebra ps C g. More precisely the BGG resolution for quantum
groups [4] is used to define quantum analogues of the complexes of holomorphic and antiholomorphic differential
forms on flag manifolds (Proposition 7.8 and Section 7.3). In Section 7.4 we introduce a double complex the rows
and columns of which are closely related to the BGG resolutions used to obtain the holomorphic and antiholomorphic
differentials, respectively. The desired de Rham complex is then obtained as the locally finite dual of the total complex
of this double complex.

The reason why we have to consider Uy ([s)-modules, instead of U, (ps)-modules as one might expect, lies in
the definition of the coordinate algebra C,[G/Ls] describing the quantum flag manifold. Its classical counterpart is
the coordinate ring of the affine algebraic variety G/Lg where Lg denotes the Levi factor of Ps. The advantage of
this approach lies in the fact that C,;[G] is a Hopf—Galois extension of C,[G/Ls]. Thus M. Takeuchi’s categorical
equivalence [23] applies and one can make use of results on differential calculi on quantum homogeneous spaces [5].

A result similar in spirit has recently been obtained in [21]. In that paper the universal higher order differential
calculus constructed in [22] is identified with the category O dual of the g-version of the BGG resolution. Hence
in the approach taken in [21] Takeuchi’s categorical equivalence is not available and the authors have to revert to
specialization techniques. In the present paper, on the other hand, all results are proved for any deformation parameter
g € C which is not a root of unity.

As the reader might at first be put off by the technical nature of our paper we now state the main result in the special
case of one-dimensional quantum complex projective space also known as standard quantum sphere. This simplest
example of an irreducible quantized flag manifold in itself has been subject to various publications, e.g. [3,20,15]. We
believe that our analysis will lead to new insight even in this simplest case.

Recall that U, (sl>) denotes a Hopf algebra generated by elements E, F, K, and K ~1 and relations given for
instance in [12, 3.1]. Let U,(l) denote the subalgebra generated by K and K —1 forn € Z let V(n) denote the
one-dimensional U, (I)-module generated by one element v, with the action Kv, = q2" v, and define W(n, m) =
U, (sly) ®u, (1 V (n —m). Note that W (0, 0) is a coalgebra and that W (n, m) is a left and right comodule over W (0, 0)
with coactions given by

UQuy = (U1 ®vo) ® () ®vy) and u Q@ vy = (1) @ vn) @ (4(2) ® vo),

respectively, where Sweedler notation is used. Consider the following sequence of U, (slz)-modules, W (0, 0)-
bicomodules

W(l, 0) (1)

0o——W(,1) &P w(,0) ——0
WA 90:1,0
W (0, 1)

where 4. (U @ Vy—p) = UF Q@vg—c and @y p:c (U @ V4—¢) = UE @ vp—.. The locally finite dual of W (a, b) is defined
by

2% = {f € W(a,b)* | dim(fU,(sh)) < oo}

where W(a, b)* denotes the linear dual space of W(a, b). As W(0,0) is a U,(sly)-module coalgebra the space
B=02%0isa U, (slp)-module algebra and as such B coincides with the standard quantum sphere. Dualizing (1)
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one obtains a sequence of U, (sl2)-module B-bimodules

d V “0

00— ntl——0.
301\ 41

The main result of this paper, Theorem 7.14, states in this special case, that this sequence coincides with the well
known de Rham complex [18] over the standard quantum sphere 5. As an application one can for instance immediately
read off the twisted cyclic cocycle calculated in [20, Lemma 4.4].

We now describe the contents of each section of this paper in some detail. In Section 2 we fix notation. Moreover,
we compare the standard resolution of the trivial module with the parabolic version of the BGG resolution and show
that these two coincide if g /pg is irreducible. This result should be well known but we were not able to track it in the
literature. On the one hand it explains once again why it is necessary to assume irreducibility of the considered flag
manifolds. On the other hand, it implies that certain weights w.0 are incomparable in the Bruhat order.

Section 3 serves purely to fix notation for quantum groups and to recall M.S. Kébé’s results on triangular
decompositions of Uy, (g) with respect to parabolic subalgebras. In Section 4 we quickly review the g-analogue of
the BGG resolution which by [4] is exact if ¢ is not a root of unity. Section 5 is devoted to U, (g)-modules induced by
irreducible U, ([s)-modules. We denote the category of finite direct sums of such modules by V. In Section 5.3 we
derive technical properties of standard maps between objects in W related to the BGG resolution. The locally finite
duals of objects in WV are interpreted as yet another realization of Takeuchi’s categorical equivalence in Section 6.

The main technical work is done in the final Section 7. First the main results from [7] are recalled. Then the
differential calculi (I, 9), (I, 3), and (I3, d) from that paper are interpreted as locally finite duals of BGG-like
sequences in W.

Explicit calculations flooded by symbols are inherent to proofs in quantum group theory. For the convenience of
the reader we have collected all commonly used notation in order of appearance in an Appendix.

2. Preliminaries

Let N, Z, and C denote the positive integers, the integers, and the complex numbers, respectively. We write Ny to
denote the nonnegative integers.

2.1. Notation

First, to fix notation some general notions related to Lie algebras are recalled. Let g be a finite dimensional complex
simple Lie algebra of rank » and let ) C g be a fixed Cartan subalgebra. Let R C h* denote the root system associated
with (g, ). Choose an ordered basis ¥ = {ay, ..., a,} of simple roots for R and let R* (resp. R™) be the set of
positive (resp. negative) roots with respect to 7. Moreover, let g = n™ @ h @ n~ be the corresponding triangular
decomposition. Identify h with its dual via the Killing form. The induced nondegenerate symmetric bilinear form on
h* is denoted by (-, -). The root lattice Q = ZR is contained in the weight lattice P = {A € b* | (A, al.v) € ZNu; € '}
where al.v = 2«; /(e;, ;). In order to avoid roots of the deformation parameter ¢ in the following sections we rescale
(-,-)such that (-,-) : P x P — Z. For u,v € P we write & > v if u — v is a sum of positive roots. The height
function ht : Q — Z is defined by ht(}_;_, njo;) = Y ;_, n;.

The fundamental weights w; € b*,i = 1, ..., r, are characterized by (w;, a}/) = §;;. Let PT denote the set of
dominant integral weights, i. e. the No-span of {w; | i = 1,...,r}. Recall that (a;;) = 2(a;, oj)/(@;, o)) is the
Cartan matrix of g with respect to 7. We will write Q7 = NoR™.

For u € P% let V(u) denote the finite dimensional irreducible g-module of highest weight p. Moreover, let
11 (V(w)) denote the set of weights of the g -module V (w).
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Let G denote the connected simply connected complex Lie group with Lie algebra g . For any set S C 7 of simple
roots define Qg = 7ZS, Q; = QsN Ot and ngt = Qg N R*. Let Pg and ng denote the corresponding standard
parabolic subgroups of G with Lie algebra

ps=b® P g.. P=b® P o )

a€RTURY a€R-URY

respectively. Moreover,

s5=ho P g«

a€RJURy

is the Levi factor of pg and Lg = Ps N P;)p C G denotes the corresponding subgroup.

The generalized flag manifold G/ Ps is called irreducible if the adjoint representation of pg on g /ps is irreducible.
Equivalently, S = 7 \ {o;} where «; appears in any positive root with coefficient at most one. For a complete list of all
irreducible flag manifolds consult e.g. [1, p. 27]. Note that the irreducible flag manifolds coincide with the irreducible
compact Hermitian symmetric spaces [8, Section X.6.3]

Define P;r ={re P | (A a)/di € NgVa; € S}. To A € PS+ we associate the finite dimensional, irreducible
[s-module M ()) of highest weight A.

Let W denote the Weyl group of g generated by the reflections corresponding to the simple roots in 7. For any
a € R* let s, € W denote the reflection on the hyperplane orthogonal to o with respect to (-, -). Let Wg C W denote
the subgroup generated by the reflections corresponding to simple roots in S. Moreover, define

WS ={weW|Rf CwR").

By a well known result of B. Kostant any element w € W can be decomposed uniquely in the form w = wsw?

where wg € Ws and wS € W5. Moreover, if / denotes the length function on W then this decomposition satisfies
[(w) = [(ws) +1(w").
The following technical lemma will be used in the proof of Propositions 6.1 and 6.5.

Lemma 2.1. Forany A € PS+ N P there exist ;1 € P which allows an injective [g-module map M (L) — V (u).

Proof. Choose w € W such that u = w™'A € Pt. Write w = wg w’ where wg € Ws and wS € WS. Then
wSp = wS_IA. Let v,s, € V(u) denote a nonzero vector of weight w" . Note that Vs, 1s a highest weight vector

for [g. Indeed, if wSu +o; € II(V(u)) for some o; € S then (w) (w4 o) = u+ (w3 'oy & II(V (1)) since
(wS)_lai € R*. Therefore wEl)L S P; and A € PS+ and hence wS;L = w;l)\ =i I

Recall that the shifted action of the Weyl group W on P is defined in terms of the ordinary Weyl group action by
w.pu=wpu+p)—p

where p is half the sum of all positive roots or equivalently p = Y ;_, w;. Moreover, for w, w’ € W write w — w’ if
there exists @ € R™ such that w = sw’ and [(w) = I(w’) + 1. The Bruhat order < on W is then given by the relation

w <w < thereexistn > land wy, ..., w,—1 € Wsuchthatw = w; — wy — --- = w,, —w'.

2.2. Standard resolution and BGG resolution

Let g be a complex Lie algebra and p a subalgebra. In [2] I.N. Bernstein, .M. Gelfand, and S.I. Gelfand have given
the following generalization of the standard resolution of Lie algebra cohomology. The adjoint action of p on g /p
endows each exterior product A¥(g /p) with the structure of a U (p)-module. Define

Dy = U(g) ®up A (g /p)
and

do: U(g)®uyp C =Dy — C, u®x+— e(u)x
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where ¢ denotes the counit of U (g ). Moreover, for k > 1 define operators di : Dy — Dy _1 in the following way. Let
X1, ..., Xy beelements of g /p. Let Y1, ..., Yr € g be arbitrary representatives of X1, ..., X, respectively, and put

k
dk(X®X1/\.../\Xk):Z(—l)i“(xyl-(zoxlA...A)?iA...Axk)
i=1
+ ) DR YIAX A AXi A AXj A AKX, (3)

1<i<j<k

Here X € U(g) and we write Y for the image of the element ¥ € g in g /p. Moreover, X denotes omission of the
element X. One obtains a complex

d, d d d
D,:0«C<Dy<~D <Dy < ...

which is exact by [2, Thm. 9.1]. In general the complex D, does not have an analogue for quantum universal
enveloping algebras.

Let now g be a finite dimensional simple complex Lie algebra and ps C g a standard parabolic subalgebra as in
the previous subsection.

For any irreducible highest weight module V (1) of g, where u € P, in generalization of [2] J. Lepowsky [14]
constructed an exact sequence of U (g )-modules

0« V(/,L) < CO < Cl e & Cdim(g/ps) «~0
where

Co= P U@) Qups Mw.p).

wEWS,
l(w)=n

Here the differentials are given as linear combinations of standard maps of the occurring generalized Verma modules.
In particular if 4 = O one obtains an exact sequence

I
C*:()(—(C(iCo(aLC]2--~<—Cdim(g/ps)<—0. “4)

For general parabolics the sequences of U(g)-modules C, and D, are not isomorphic. Indeed, if g /ps is not
irreducible then not even D and C; need to be isomorphic. However, one has the following result.

Proposition 2.2. If g /ps is irreducible then the corresponding complexes of U(g)-modules (Cy, 8+) and (Dy, dy)
are isomorphic.

Proof. Consider the Lie subalgebra
@ gaCg.
a€R™\Ry
One has decompositions g = ug @ps and U(g) = U (ug)®U (ps) by the Poincaré-Birkhoff-Witt Theorem. Note that
both D, and C, are free resolutions of the trivial left U (ug)-module C. Thus both sequences can be used to compute
Tor U(us (C, ©) where the first entry C denotes the trivial right U (ug)-module. Note that if g /ps is irreducible then

the second term in (3) vanishes, because ug is commutative. Thus in the complex C ® Uag) D, all differentials vanish
and therefore

dim(Tor, "’ (C. ©)) = dim(4/ (g /ps)).
Similarly the sequence (4) yields (cp. [14, Cor. 3.11])

dim(Tor, *5'(€.C) = Y dim(M(w.0)).
wEWS,
Iw)=
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Thus one obtains

dim(4/ (g /ps)) = Y dim(M (w.0)). (5)

wEWS,
l(w)=j

As A/ (g /ps) and U (g) are graded by the root lattice and the differentials d ; of the complex D, respect this grading
one can define a Z-grading of the complex D, by
deg(u @ v) = (w5, Wt(u) + wt(v)) = (w5, Wt(u)) — j

where u € U(g) and v € A/(g/ps) are homogeneous elements. Similarly the complex C, is Z-graded by the
same formula where now v € M(w.0) for some w € W3 with [(w) = j. Assume now that the complexes D,
and C, are isomorphic as Z-graded complexes of U (g)-modules up to complex degree k. This holds for k = 0. Set
Zy :=kerdy C Cx = Dg. Then di41(Di+1) = Zr = Sk+1(Ck+1) by exactness of the sequences. Moreover, from (3)
one obtains that di_ | is injective when restricted to 1 ® A*+!(g /ps). Note that

1@ A (g /ps) = {x € Dy | deg(x) = —(k + D)}
and hence

dip1 (1@ A (g /pg)) = Z; *HD

for Zk_(k'H) = {x € Z; | deg(x) = —(k + 1)}. As Z; does not contain any element x such that deg(x) > —(k + 1)
one has ;1 (U(g) Qups) M (w.0)) = 0if (w5, wt(w.0)) > —(k + 1). By the injectivity of di11 and (5) one has

dim(z, ) = Y dim(M(w.0)).

weWS,
I(w)=k+1

As 841 maps onto Z; this implies

S |[1e @ Mwo) | =2z%D.

wewS$,
H(w)=k+1

Hence one obtains in view of (5) that the composition

Sk _ diy1)7!
drr 1 ® @ Mw.0) k1 z (k+1) (dr+1) 1®Ak+1(g/ps)
we S
l(w)ivkh

is an isomorphism of U (ps)-modules. By construction

4@ ¢ir1 : U@ Buipy @D Mw.0) — U() ®upy 4 (g /ps)
wEWS,
I(w)=k+1

extends the isomorphism of complexes to degree k +1. W

As an application one obtains the following corollary.

Corollary 2.3. Let g /ps be irreducible and let wy, wy € WS be elements of equal length [(w1) = [(w»).

(1) One has w1.0 — w,.0 € Q.
2) If wy # wy then w1.0 — w.0 € Q}'.

Moreover, if w,w' € WS and [(w) = [(w") + 1 then ws(w.0 — w'.0) = 1.

Proof. (1) By the above proposition w1.0 and w»>.0 occur as weights of A'™V (g /ps). As g /ps is irreducible the
weights of g /ps differ by elements in Q. Then so do the weights of A1) (g /ps).
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(2) Assume w1.0 — w7.0 € Q;r, or equivalently wip — wap € Q;r. Multiplication by w, !"and the definition of
WS yield
wz_lwlp —peQt.
Since p is dominant and W acts faithfully on p one obtains a contradiction unless w; = w;.

The last statement follows from the fact that the map ¢y from the proof of the proposition is an isomorphism of
U(ps)-modules. W

Remark 2.4. (1) In the above corollary the condition of irreducibility of g /ps can’t be dropped. Indeed, for § = ¢
one has Qg = {0} but w.0 # w;.0 for wy # w>.

(2) Also one can’t replace 0 by a more general weight u € P*. Consider for example g = sy, S = {a;, a3}, and
W = w3. Then sp53.03 = w3 —2a3 — 3y and s251.w3 = w3 —a1 — 2 and hence s53.w3 —s251.w3 = o] —ap — 203 &
Q5. On the other hand s7s3 and 5,57 are elements of WS of equal length.

3. Quantum groups
3.1. Definition of Uy (g) and C,[G]

We keep the notation of the previous section. Let ¢ € C \ {0} be not a root of unity. The g-deformed
universal enveloping algebra U, (g) associated to g is considered here as the complex algebra generated by elements

K;, Ki_l, E;, F;,i=1,...,r,and relations as given for instance in [12, 6.1.2]. In particular one has
KiEj=q“"*VE;K;, KiFj =q ) F;K;,
Ki— K (6)

ik = Fibi =0 Granm = g~

The algebra U, (g) has a Hopf algebra structure with coproduct given by
AKi=Ki ®K;, AE =E®K +1®E, AF=F®Il+K '®F.
These formulae for the coproduct imply in particular that the antipode « of U, (g) is given by
(K =K', k(E)=-EK ', «(F)=-KF.

The counit will be denoted by . We will make frequent use of Sweedler notation in the form Au = u ) ® u(2) for
u € U, (g). Moreover, for any u, x € U, (g) we will write (adu)x = u()x«(u(2)) to denote the left adjoint action.
There exists a uniquely determined algebra isomorphism coalgebra antiisomorphism 7 of U, (g) such that

n(E) = F,  n(F)=E, nK"")=kKk7"

Let Uq(n+), U,(n™) C U,(g) denote the subalgebras generated by {E; | 1 < i <r}and{F; | 1 <i < r},
respectively. Let U? ¢ U, (g) be the subalgebra generated by {K;, K fl | 1 <i < r}. Moreover, let G C U,(g)
denote the subalgebra generated by {E; K i_l |1 <i<r}

For u € P let V(1) denote the uniquely determined finite dimensional irreducible left U, (g)-module with highest
weight . More explicitly, there exists a highest weight vector v, € V(u) \ {0} satisfying

Eivy =0,  Kjv,=q"*y, foralli=1,...,r. (7)

In general a vector v € V (u) is called a weight vector of weight wt(v) € P if Kjv = g™t @)y foralli =1,...,r.
The dual V* of a finite dimensional U, (g)-module V is defined as the dual vector space with the U, (g)-action
given by

wf)(w) = fkw)v) YveV,feV:5ue U, ().



1. Heckenberger, S. Kolb / Journal of Geometry and Physics 57 (2007) 2316-2344 2323

For any left U, (g)-module V define a new U, (g)-module V;; to be the same vector space with the left U, (g)-module
structure e, given by

ue,v :=n(u)v forallu € Uy(g),veV. 8)

Note that V (), = V(w)*.
As usual the g-deformed coordinate ring C,[G] is defined to be the subspace of the linear dual U, (g)* spanned by
the matrix coefficients of the finite dimensional irreducible representations V (), u € PT.Forv € V(u), f € V(u)*

the matrix coefficient c’;-,v € U, (g)* is defined by

et ,(X) = f(Xv).

The linear span of matrix coefficients of V (u)

CY = Linc{c, |ve V). f eV ©)
obtains a U, (g)-bimodule structure by
(Yc?,UZ)(X) = f(ZXYv) = c’;Z’YU(X). (10)
Here V(u)* is considered as a right U, (g)-module. Note that by construction
CylG1= E V™ (1)
nept

is a Hopf algebra and the pairing
CylGle Uy(g) — C (12)

is nondegenerate.
3.2. Nilpotent and parabolic subalgebras

For § C m let U, (Is) C U,(g) denote the Hopf subalgebra generated by E;, F;, K, Kj_1 for all @; € S and all j.
Moreover, let V_ C U, (g) denote the subalgebra generated by the elements of the set

{@dK)Fi | k € Uy(ls), o; & S}
Analogously, let V. C U, (g) denote the subalgebra generated by the elements of the set
{@d)(E K[ [k € Ug(ls), o & S).

As (adE))F; =0 = (adF,-)(EjK;]) for all i # j one has V_ C U,(n™) and V; C G. By [11, Prop. 4.2]
multiplication gives isomorphisms

Vo ® Uy (g) = Ug(n7), Vi®U,(I3) — Gy
where Uy () == Uy;(m™) N Uy(ls) and Uq([‘S") = G4 N Uy(ls). Thus the triangular decomposition U, (g) =
U;(n7) ® G4 ® U° yields

Uy(@) = Vo Uy(ly) ® Ve ® Uy (1) @ U°
V_® Vi ® Uy(ly) ® Ug (1) ® U°
V_® Vi ® Uy(ly). (13)

Here in the second line the isomorphism

12

12

Ug(lg) @ Vp — Vi ® Uy (), k® v~ (ad k1))v ® k(2
is used, and the last line uses the triangular decomposition of Uy ([s). In a similar manner one obtains

Ug(@) 2V ® Vo @ Uy (ls). (14)
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The parabolic subalgebra U, (ps) C U, (g) is defined by
Uy(ps) = (E;i, K;, Fj |aj € m,aj €8).

Note that U, (ps) coincides with the subalgebra generated by U, (ls) and V.. Thus by (13) multiplication yields
isomorphisms

Vi ® Uy(ls) = Uy (ps), 15)
V_o®Uy(ps) = Uq(9)- (16)

4. Quantum generalized Verma modules
4.1. Notation

For A € PS+ as in the classical case g = 1 let M (A) denote the finite dimensional, irreducible U, (Is)-module of
highest weight A. Note that M (A) can be turned into an U, (ps)-module by setting E;v = O for all generators E;,
of € S,andv € M()).

Definition 4.1. For ) € Py, define the quantum generalized Verma module V™) by
VMDD = U, (9) ®u, (ps) M.
If S =@and A € P we will write V* := VM®),

Note that by (16) one has isomorphisms of U O-modules V* = U, ® C* and VM®) =~ yv_ @ M () where C*
denotes the one-dimensional U°-module of weight A.

Note moreover that VnM *) = yM®* Indeed, let &_, € M(L)* denote the up to scalar multiplication uniquely
determined element of weight —A. Then 1 ® £_; € VM M jsa cyclic vector and a set of relations determining V™ @
is given by

) Ao )+1
KE Q@) =¢7* 10, E T 1ee) =0

for all o; € S and for all j. The same relations hold for the cyclic vector 1 ® vy, € V,,M()‘).

Remark. The notation used here slightly differs from the original notation in [14]. Recall that p denotes half the sum
of the positive roots and define

1
ps = 5 Z+ o.
aERS
Note that for all A € P one has
AeP;<:>k—p+pgePs+.

Lepowsky considered modules obtained by twisted induction in the classical case ¢ = 1 and defined VM® =
U(g) ®u(ps) M (A — p + ps). Translation between the two settings is straightforward.

LetA € PS+ and let vy, € M(A) denote a vector of weight A. For any U, (g)-module homomorphism g : Mo
VM) there exists an element F € U, (n™) such that g(1 ® v,) = F ® v,. Note that F is uniquely determined up
to addition of an element in the annihilator of 1 ® v, € VM We will say that the homomorphism g is determined
by F.

4.2. The Bernstein—Gelfand-Gelfand resolution

We now briefly recall the quantum analogue of the Bernstein—Gelfand—Gelfand resolution. This construction has
been in detail considered in [4] for ¢ not a root of unity.
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Fix a dominant integral weight 4 € PT. Forall j =0, ..., dim(g /ps) define

S ._ M(w.pn)
ci= p v :
weWs, l(w)=j

Note that VM -1 g a highest weight module with highest weight w.u. Therefore VM -1 g a natural quotient of
yw-,
As in [14, Section 4] one constructs U, (g)-module maps (pf : CJS — C]{l forall j = 1,...,dim(g /ps). More

explicitly, for all w € W, fix an embedding V¥-# C V*. Then for all w,w’ € W with w < w’ one has a fixed
embedding f, v 1 VVH — VWK,
A quadruple (w1, wa, w3, wa) of elements of W is called a square if wy # w3 and

w1 —> w2 —> W4, w)] — W3 —> W4.

By [2, Lemma 10.4] to each arrow w; — wy (w1, wa € W) one can assign a number s(wp, wp) = =1 such that
for every square, the product of the numbers assigned to the four arrows occurring in it is —1. Let w, w’ € W9 such
that [(w) = [(w') + 1. If w — w' then let hy,  : yMw.p) . yMW.1) denote the (standard) map induced by
the map

’
s(w, W) fyp 2 VI — VW

Otherwise, define h,, ,» = 0. The differential (p}.? is now defined as the sum of all A, ,,v where [(w) = j = [(w’) + 1.
Note moreover, that for .« € PV there exists a surjective map of U, (g)-modules

eu: Cy = Uqg(@) ®u,(ps) M) = V(). u®vpp = uvyuy (a7

where v,y € M () and vy, v € V() denote vectors of weight p.
Theorem 4.2 ([4, Section 3.4]). The sequence

S
Pdim(g/ pg)

S 9 s
0 — Cimg/ps e —> Cy — V() —0 (18)

is exact and <p§(vM<w-ﬂ>) #O0forall j=1,...,dim(g/ps) and all w € W5 with [(w) = j.

Remark 4.3. In the quantum case the fact that for w — w’ the standard map hy, ,» : VM@ — yM @".12) is nonzero
has not been explicitly stated in [4]. However, this property can be verified analogously to formula (1) in the proof
of [13, Lemma 9.2.14]. The necessary fact that for i, A € h* the simple module V (1) is a subquotient of V* if and
only if Hom(V*, V*) # 0 follows as in [17] after translation of [19, Sections 1-6] to the quantum case.

By construction there exists y' € Uqy(n™) such that f,, (u ® vy.u) = uyt  ® vy . Thus in terms of the
elements yg w € Ug(n™) the map hy, , is given by

R w (U @ vy ) = s(w, w/)uygyw/ ® vy -

In later considerations the main focus will be on the case u = 0. In this case define yy, v = s(w, w’) yS} w € Ug(n™).

5. U, (g)-modules induced by U, (Is)-modules
5.1. Notation

Definition 5.1. For A € PSJr , define
WM = U, (8) ®u, 15) ML)

If S = ¥ and A € P we will write W* .= WM@®),
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Note that multiplication yields isomorphisms W* = U, (n™) ® U,(n*) ® C* and W¥® = v_ ® V, @ M(}) of
U°-modules. Note moreover that WM™ is in general not a highest weight module. In analogy to the observation after

Definition 4.1 one obtains W,;W @) ~ wM®w*,

5.2. The functor _:V — W

By Definitions 4.1 and 5.1 there exists a natural surjective U, (g)-module homomorphism

@y WMO) 5 y MO,

Proposition 5.2. For any U,(g)-module homomorphism g : VMO yMW) there exists a uniquely determined
Uq(g)-module homomorphism g : WM s WM such that the diagram

WMo 5 WM (19)

-l
Mo —£ s ymew

commutes.

Proof. Assume that g is determined by ' € U, (n™) as in the end of Section 4.1. To obtain commutativity of the
diagram (19) one has to define g(1 ® vy) = F ® v,,. We have to check that g is well defined. To this end consider

0=u®uv, € WM® orequivalently u € U, (g)Anny, (i) (v3). We have to show that u F € U, (g)Anny, ) (v,0).
Using the decomposition (14) and the fact that V_U, ([s) F C V_U,(ls) one may assume that u € V_U, (ls). The
relation (9, (u ® vy)) = 0 implies u F € Uy (g)Anny, (pg) (vy). Hence
ulF e Uq(g)Anan(pS)(v#) N V_Uq([g)
(16)
=" V_(Anny, (ps) (vu) N Uq(ls)) = V,Anan([S)(vM). |

Let V and W denote the full subcategory of the category of U, (g)-modules whose objects are finite direct sums of
U, (g)-modules VM® and WM™ where 1 € PJ, respectively. By Proposition 5.2 there exists a canonical functor
_ VY — W such that

n n

P vHe = @ who,

i=1 i=l1

Proposition 5.3. The functor _:V — W is exact.

Proof. Recall that VM® = v_ @ M(1) and WM ® = v, ® V_ ® M()). With respect to these decompositions one
gets for any Vi, V, € V and any g : Vi — V> the relation g§= Idy, ® g. Hence _ preserves exactness. W

Let U, (pgp ) C U,(g) denote the subalgebra generated by the elements E;, K;, F; for a; € m, aj € S. For any
w € PT define a map

§M : WM(IL) = Uq (g) ®Uq([5) M(/JL) i Uq(g) ®Uq(p§p) V(/JL)
URQ Uy M P> UV, Y

where as in (17) the symbols v, s € M(n) and v, v € V(1) denote vectors of weight (1. Then by the same argument
as in the proof of Proposition 5.3 the BGG resolution (18) induces an exact sequence

S
Ldim(g/ pg)

o) €,
0 —> Qgimg/ps o8 S U, (g) By, r) V(1) — 0. (20)
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5.3. Homomorphisms and estimates

Note that for u,v € P;r the left U, (Is)-module M(u) ® M(v)* is generated by one element v, ® £_,, where
v, € M(un) and £, € M(v)* denote a highest and a lowest weight vector, respectively. A complete set of relations
for M () ® M(v)* is given by

1
EVOM 0, @6.,) =0,

F(Ma)_H(M@S v)—O (21)
(Kj —q" ™) (v, ®E_,) =0

where o; € S and «; € 7. This follows for instance from [10, Prop. 5.2] using the fact that the module generated by
one element and the relations (21) is integrable and the generator is a cyclic weight vector. In Section 7.4 we will be
interested in homomorphisms between U, (g)-modules induced by U, (Is)-modules M (u) @ M (v)*. Here we derive
well definedness and some properties of such maps.

Forw, w € W5, w — w’, and u € P recall the definition of the element yigw/ € U,;(n™) from Section 4.2 and

define x w = n(yw w)- Define Uy (Is)-module homomorphisms

0 Mw.p) — VW'D =~y v @ Mw'.p),

UVy .y > uyw’w/ Q Vs

0y M(w.)* — VMW" =y v, @ Mw' .p)*,

u€_y = ux ,®$_w i
Proposition 5.4. Let w, w' € W5, w — w/, u € PT, and v € Py There are uniquely determined injective Uy (s)-
module homomorphisms

01 - M(w.p) ® M()* — Uy(9) ®u, 15 (M(w'.10) ® M(v)*),

B1: M) ® M(w.)* — Uyg(9) ®u, 15 (M(v) ® M(w'.11)")

such that
O1 (V. ® E—y) = y,/;,w/ Q (Ve ® E-v), (22)
010y ® E—wp) =Xy ® (Vy ® &y ). (23)
Moreover;, in Vo V_ @ M(w'.u) @ M(v)* one has for all weight vectors v € M(w.i), & € M(v)*
v ®E)eh(v) E+ Z V_®M(w/.u)®M(v);. 24)
s<wt(§)
Similarly, in V_V, @ M(v) @ M(w’.;)* one has for all weight vectors v € M(v), &€ € M(w.u)*
O1(v®&) € Pi3(02(6) ®v) + Z Vi@ M) @ M(w'.n)* (25)
£>wt(v)

where Py3 denotes the flip of the second and the third tensor factor.

Proof. The maps 0; and 6, are uniquely determined by formulae (22) and (23), respectively. It remains to verify that
they are well defined and injective. Fix o; € § and let U; C U, (g) denote the subalgebra isomorphic to Uy (sl2)
generated by E;, F;, and Kl.il. Note that

(w.p,0)+1
FUSTE @ iy ®E,) =0 (26)
for all o; € S. Indeed, as the standard map h,, , is well defined one obtains

(w.u,ai\/)+l _
Fi yz,w’ € (Uq (g)Anan([S)Uw/.u) NU, (n7).

Hence (26) follows from the fact that £_,, is a lowest weight vector.
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Note that U, (g) Qu, (15) (M (w.p) ® M (v)*) is an integrable U, (Is)-module. Hence the weight vector yff} w ®
(vy' . ® §_,) can be written as a sum of weight vectors of weight w.u — v which generate pairwise nonisomorphic
irreducible U;-modules. By (26) among these irreducible U;-modules there is one of lowest weight w.u — v —
(w.p, ;)a; and all other U;-modules generated by yg w @ Vu . ®&—, have larger lowest weight. The corresponding
highest weight with respect to U; is v — w.p + (w.i, o )y = w.;t — v + (v, ;") and hence
v,)+1
DT ® (D ® ) =0,

In view of (21) this proves that 6; is well defined. The injectivity of 8; will follow from (24).

To prove (24) note that for any weight vectors v € M(w.u), and § € M(v)], there exist E € Uq([}')y_w and

F e Uy(Ig)y.p—a such that v = Fuy, , and § = E§_,. Moreover, in the Uy ([s)-module M(w.u) ® M (v)* one has

E

V@& € FEWuu ®E-)+ ) Mw.n) ® M),
g<wi()

Hence one obtains by induction on wt(&§)

0i(v®&) € FEY) @ W, ®E)+ > Vo®@Mw.p) ® M)}

¢<wt(€)
= Fy, @@ ®+ Y Vo@Mw.u) @ M)}
§<wi(€)
=@ @&+ Y. Vo@Mw.p) ® ML)}

g<wi()

The well definedness and the injectivity of 81 follow from the corresponding properties of 6; and the relations
(MW" ) @ M(v)")y =M©v) @ M(w'.p)*,
(U@ &0, 00 MW 1) @ M(U)*)>n = Uy (8) ®u, (15 (M () @ M(w'.10)*).

Formula (25) is proved in the same manner as (24). W

For any p,v € PS+ we define

W (i1, v) = Uy (@) ®u, (15 (M (1) @ M(v)").

Using the isomorphism
W, V) ZEVoVe M) @ MW)* = V_Vy @ M(u) @ M(v)*

we define two filtration on W (i, v) as follows
f{‘W(u, V) =Linclu®@vE|ueV_Vy,ve M(uw;,,& € Mv)* ht(u — 1) <k}, 27
fé‘W(u, v) =Linclu®v®& |ueViVo,ve M), € M), ht(A +v) <k} (28)

Corollary 5.5. Assume that w, w' € WS, w — w', u € PT, v € PJ. The following relation holds in W (w'.j1, v)

Ug(@Yly 1y ® W ® E-0) N FyW(w'.pa, v)

S D VRU UG gl o ® Wiy @ ).
ht(8)=<k

Similarly one has in W (v, w’.11) the relation
Ug(@)xly ,y ® 0y ® €y ) N FIW(w'.pa, v)

C Y VU U () _gxly ) ® (0 ® Eur ).
he(B) <k
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Proof. Proposition 5.4 implies the following equalities.

ViVoO (M (w.p) @ M(v)*) N FAW(w'.u, v)

@y v e ( Y Mwpwe M(u);)

ht(a+v)<k

ViV_6, ( Z Uq([E)Uq([:gi_)ﬁ(vw.u®'§—U)>

ht(B)<k

Y ViU UG () g3l ® Wiy @),
hu(B)<k

The second relation is verified analogously. W
Corollary 5.6. Assume that w,w' € WS, w — w', v € PSJF, and x € Uy(wh). Then in W(w'.0, v) the relation

[yw,w’v X] ® (vw’.O ® S—v) ¢ Z Uq (g)yw”,w’ & (vw’.O & E—v) \ {0} (29)

w”EWS,

w’ —w'

holds. Similarly, for y € Uy (n"™) the relation

X Y1 ® (0 @& w0) & Y Ug(@xuwrw ® (v ®&_ur0) \ {0} (30)

w”eWS,
w’—uw'

holds in W (v, w’.0)

Proof. Recall that y,, v € Uy (n™)y, 0—vur.0- Hence with respect to the decomposition

Uy(@) = Ve ®U;(n7) @ U, (15 @ U° (31)
one obtains using (6)

Dwwsx1 € Y Vi®@Uy(n g Uy(1§) @ U°.
B>w.0—w'.0

As U acts diagonally and v, ¢ is a highest weight vector for the action of U, (ls) this implies

Yuw, X1® o ®E) € Y ViV o ® M(w'.0)p @ M(v)*. (32)
a+pB>w.0

On the other hand, for any k € Ny, Corollary 5.5 implies
D Ug@yuwrw ® Wuro ®E-) NFEW W0, v)

w’ews,
S Y Y VaU UG, yurw ® (o @ §-)
w”’ews, ht(y)<k
Y Vel )y ® (o ® ML) + FAT W(w'.0,v)
w”ewsS, ht(y+v)<k
YD ViVea @MW 0) @ Mv)* + F5 T Ww'.0,v). (33)

w’ews, a+B<w”.0

w’ —w’

N

IN

Choose now k € N such that [y, ,/, X]® (Vyy 0 ®E&_)) € ]—"é‘ W(w’.0, v) \fé‘_l W (w’.0, v) and assume that (29) does
not hold. Then (32) and (33) imply that there exists w” € WS, w” — w’ such that w”.0 > w.0. This is a contradiction
to Corollary 2.3(1) and (2). Hence (29) holds. Relation (30) is verified analogously. W
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6. Categorical equivalence

From now on we will write A = C,[G] and

B={be A|buybp (k) =¢e(k)b forall k € Uy (L)} 34)

6.1. Takeuchi’s categorical equivalence

In this subsection Takeuchi’s categorical equivalence [23] is recalled in the present special setting. Note that B C A
is a left coideal subalgebra of the Hopf algebra 4. Thus q = A/BT A where Bt = {b € B | ¢(b) = 0} is a right
A-module coalgebra. Moreover, by [16, Thm. 2.2(2)] A is a faithfully flat right 5-module. It was shown in the proof
of [16, Thm. 2.2(1), (2)] that j is equal to the image of .4 under the restriction map U, (g)° — U, (Is)° of dual Hopf
algebras. Therefore the pairing

() : Uy(ls) x A —>C (35)

<
is nondegenerate. Let AM denote the category of finite dimensional left A -comodules and let My, (15) denote the

category of right U, ([s)-modules which are isomorphic to a finite direct sum of modules of the form M (A)*, A € PSJr .
The pairing (35) induces a functor

- A
E: M= My, (36)

<«
where for V. € AM the right U, (Is)-module structure on Z(V) := V is given by v <1 k = (k, v(_1))v(o) for all
keU;(ls),veV.

Proposition 6.1. The functor = is an equivalence of categories.

<
Proof. By the nondegeneracy of the pairing (35) two objects V, W € A M are isomorphic if and only if the U, ([s)-
modules = (V) and = (W) are isomorphic. It remains to show that all objects of ./\/qu([S) lie in the image of =. To

this end, consider the right U, ([s)-module M (X)*, A € Pf. By Lemma 2.1 one can find u € P, and an embedding
of Uy(ls)-modules M (1) — V(u). Then V(u)* is a right U, (g)-module, or equivalently by definition of A, a

left A-comodule. Projection onto (.Z endows V (u)* with a left (Z—comodule structure. As V(i) decomposes into
a direct sum of irreducible U, ([s)-modules the U, ([s)-module M(1)* can be viewed as a direct summand of the

U, (Is)-module V (u)*. As the pairing (35) is nondegenerate the U, (ls)-direct summand M (A)* C V(u)* is an fZ-
subcomodule. By construction, application of = to this A -subcomodule yields the right U, ([s)-module M(A)*. W

Recall that for any coalgebra C the cotensor product of a right C-comodule P and a left C-comodule Q is defined
by

POCQ = {Zm@cﬁ €EP®Q

Zpi(O) ®pin ®qi = Zpi ®qi-1) ® 61i(0)} .
i i

Let é/\/l denote the category of left A-covariant left B-modules. There exist functors

&AM AM, o(I)=I/BT, (37)
<~
U AM o EM, w(V) = AD< V. (38)

Here for any I' € é/\/l the left A -comodule structure on I’ /BT I is induced by the left .A-comodule structure of I
Moreover, the left B-module and the left A-comodule structures of A<V are defined on the first tensor factor.

A

Theorem 6.2 (/23, Theorem 1]). With the notions as above ® and ¥ are mutually inverse equivalences of categories.
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By the above theorem and Proposition 6.1 in order to show that two .A-covariant 3-modules coincide, it suffices
to show that the corresponding U, (Is)-modules coincide. This method will be applied to show that the differential
graded algebra which will be constructed in Section 7 coincides with the g-deformed de Rham complex constructed
in [7].

A slight refinement of Theorem 6.2 also takes into account possible right 3-modules structures. Let é/\/l B and

“(K./\/l B denote the categories of left .4-covariant B-bimodules and of left A -covariant right B-modules, respectively.

< <
The functors @ and ¥ restrict to functors @5 : “l;l./\/llg — AMpand ¥z : Mg — é./\/llg, respectively. Here the
right B-module structure on é5(I") = I'/B*I" comes from the right B-module structure of I". The right B-module

structure on ¥g(V) = AD(.ZV is given by (3_; pi ® gi)b = _; pib~1) ® qib(0).

Corollary 6.3. The functors 3 and ¥ are mutually inverse equivalences of categories.
6.2. Locally finite duals of U, (g)-modules induced by U, (ls)-modules

For A € P; define
Q0) = {f € WMP)Y* | dim(fU,(g)) < oo}.

Here the dual vector space (WY *))* of the left U, (g)-module WM™ is endowed with a right U, (g)-module structure
in the usual way by (fu)(v) == f(uv) forall f € (WMM)* u € U,(g), v € WM™ One has a canonical inclusion

c: M) = U@, frcr=wr flulu)).

We will freely use the inclusion ¢ to consider {2(}) as a subset of U, (g)*.

Lemma 6.4. For all A € PS+ one has (L) C A. In particular one has 2(0) = B. Moreover, 2(X) is a left A-
covariant B-bimodule.

Proof. The dual Hopf algebra U, (g)° of U, (g) satisfies

Uq(9)° = {a € Ug(9)" | dim(aUy(g)) < oo}. (39)

Thus by definition £2(1) C U, (g)°. Moreover, U, (g)° contains .A as the linear span of the matrix coefficients of the
representations V (i), u € PT. Recall that U, (g) is semisimple and any irreducible finite dimensional representation
of Uy (g) can be obtained by tensoring some V (1) with a one-dimensional representation D, v € {—1, 1}", given
by Kiv = viv forallv € D,. As A € P;’ the finite dimensional U, (g)-module generated by cy for f € 2(})
decomposes into a direct sum of irreducible representations isomorphic to V (i), u € P4. Thus one gets 2(A) C A.

Note that U == WY© is a left U, (g)-module coalgebra. Let — : U,(g) — U denote the canonical projection
u +— u ® vg. Note that WM™ is a right and left U-comodule, where the coaction is given by

Ar(u @ uy) = U up) Quy € U® WM(A),
AR @) = uy ® v, @i € WM @ T.

These coactions are compatible with each other and with the U, (g)-module structure of WM®)  They induce the
desired B-bimodule structure on 2(1). M

The above lemma implies in particular {2(1) € “g./\/l Thus one can apply the functor @ from the previous subsection.
The following proposition states that up to dualization {2 is the inverse of = o .

Proposition 6.5. Forall ) € P; one has

E(2(20) =M™
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Proof. Note first that by definition of the left B-module structure of £2(1) one has (BT 2(1))(1 ® M (X)) = 0. Thus
there exists a well defined pairing

(s RO/ (BFRG) x M() — C. (40)
The pairing (-, -), induces a map of right U, ([s)-modules
@ E(D(0R2MN) > MH)".
As 2(1) C A the induced map of quotients
i:20)/BTRM) > A/BTA
is also injective by Theorem 6.2. Moreover, let & denote the surjection
w:U;(ls) > M(A), ki k.
Then the pairings (35) and (40) satisfy
(f, 7)) = (k. i(f))

forall f € 2(A)/(BTR2(0)), k € U, (Is). As the pairing (35) is nondegenerate and i is injective this implies that ¢
is injective. By Theorem 6.2 as M (1) is irreducible it remains to show that £2(1) # 0. To this end apply Lemma 2.1
to pick . € P such that there exists an embedding M (L) < V(u) of U, (Is)-modules. Let v denote the image of
vy, under this embedding. Pick g € V (u)* such that g(v) # 0 and let ¢, , € C,;[G] denote the corresponding matrix
coefficient. Then there is an element f € 2(A) \ {0} defined by f(u @ vy) =cgp(u). W

7. g-Differential forms as locally finite duals

From now on we restrict to the case of irreducible flag manifolds G/ Ps. Thus S = 7 \ {os} where o, occurs in
each positive root of g with multiplicity at most one. Let again B C C,[G] be the left coideal subalgebra defined by
(34).

7.1. q-Differential forms for irreducible flag manifolds

The aim of this section is to recall the structure of the canonical differential graded algebra over B constructed and
investigated in [7,6].

To this end recall that a first order differential calculus (FODC) over B is a B-bimodule I” together with a C-linear
map

d:B—>1T
such that I' = Linc{adbc | a, b, ¢ € B} and d satisfies the Leibniz rule
d(ab) = adb + dab.
If I" possesses the structure of a left .A-comodule
Ap:T'—> AQT
such that
Ap(adbe) = (Apa)((1d ® d) Agb)(Apc)

then I" is called (left) covariant. A covariant FODC I" # {0} over B is called irreducible if it does not possess any
nontrivial quotient (by a left covariant B-bimodule). The dimension of a covariant FODC I' # {0} over B is defined
by dim I" = dim¢ I'/B*I". Any finite dimensional covariant FODC over B is uniquely determined by its so called
quantum tangent space

Tr ={f eI'"|fIlg+r =0},
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(see [5, Lemma 6], [7, Remark 2.4]). The quantum tangent space can be considered as a subset of the dual coalgebra
B° of B via the map f — (b — f(db)). It is one of the main results of [6] that there exist precisely two finite
dimensional irreducible covariant FODC (I, d) and (/7, 9) over B. The quantum tangent spaces of the FODC I’
and I [7, Propositions 3.3, 3.4] are given by

Ty = (ad Uy(ls)) Fs, T3 = (ad Uy (Is)) E;, (41)

respectively, considered as subspaces of 3° via the pairing (12). Moreover, the FODC Iy and I satisfy
BtIy=ILyB*Y,  B'Iy=IyB*. (42)

The direct sum Iy = I'y @ I'; with the mapd = 0 @ 9 is a covariant FODC which is a g-analogue of the Kihler
differentials over the affine algebraic variety G/Ls.
Consult [7, Section 2.3.2] for the definition of the universal differential calculus of a FODC (I, d). Let FaA’u, Z%Au,

and F(fu denote the universal differential calculi of the FODC (1, 9), (15, 9), and (I, d), respectively. The following
theorem is contained in [7, Propositions 3.6, 3.7, 3.11].

Theorem 7.1. (i) The multiplicity of weight spaces of the left U, (ls)-module (= o ¢(F3/fﬁ))* = (Fﬁﬁ/B*FBA’ﬁ)*
coincides with the multiplicity of weight spaces of the left U (Is)-module A*(g /ps). In particular

dimc (g /ps) )
L )

(ii) The multiplicity of weight spaces of the left Uy (Ls)-module (Z o @(]%Aﬁ))* = (FgAﬁ/B“'FgAﬁ)* coincides with the
multiplicity of weight spaces of the left U (Is)-module A*(g /ps)*. In particular
dimc(g /ps) )

dime Ik /BY I = (

dimc(rﬁl’j /B+F§ﬁ) = ( L

(iii) For all k € Ny the canonical map
P By e r“ BYrN — gt /BYILY 43)
i+j=k
is an isomorphism. In particular

dim I7}% = <2 dlm(ck(g /pS)) :

The above theorem implies in particular, that (.1.5(1"Az dim(g/ pg)) is the trivial one-dimensional left 2 -comodule.

Moreover, by (42) the right B-action on DIy, A2dim(g/ pS)) is trivial, i.e. yb = e(b)y forall b € B, y €

@(FAzdlm(g/ pS)) Hence by the categorical equlvalence in Corollary 6.3 the covariant B-bimodules FAZdlm(g/ Ps)

and B are isomorphic. This observation implies the following corollary.

Corollary 7.2. FA2 dim(@/ps) ;¢ g free left and right B-module generated by one left C,|G]-coinvariant element

A2 dlm(g/Ps)

Wyol € F satisfying wyo; b = b wye for all b € B.

7.2. The differential calculus I'}*

One is now in a position to construct the differential graded algebras Ffu, I%Au, and F(fu from [7] as locally finite

duals of BGG-like sequences of U, (g)-modules induced by U, (Is)-modules. We begin with I’ 3/\u' Consider the BGG
resolution

S
Pdim(g/ pg) €
CSot 00— Chnamso —> =5 Cog—> V(0) — 0, (44)
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of the trivial U, (g)-module V (0), the corresponding sequence (20) obtained by applying the functor _

s s
Laim(g/ps) 4 e
Cot0— Cia/ps0 V= Gy = Ug@) @y, ip) V(O) — 0,
and its locally finite dual
*,0 . dim g/ps,0 ddim( g/ pg) 91 0,0 ~
2%Y 0<«— 1 ’ «— " i — P EB«—C<«——0,

where

o= P 2wo).
weWS, l(w)=n
Recall from Section 4.2 that the differentials of the complexes Cf,o and Qi o are given in terms of elements

Yww € Ug(n™) where w, w’ € WS and w — w'. In the case of irreducible flag manifolds the simple reflection
sy corresponding to ay is the only element in WS of length one. Note that s,.0 = —ay. Thus the differential
[ yM—es) . yMO) 5 determined by Vs,.e = Fs up to multiplication by a nonzero factor. The corresponding
differential

3 :B= 0% 5 Q(—a,) = 00
satisfies the Leibniz rule. Indeed, foralla, b € B, u € U, (g) one has
01(ab)(u @ v—g,) = (ab)(uFs & vo)

a(uayFs ® vo)b(u@) ® vo) + a(umy K, ' @ vo)b(u) Fy ® vo)
(01(@)b +ad1 (D)) (u @ v_g,).

Lemma 7.3. (3; : B — 2'9) is a covariant FODC isomorphic to (3 : B — I).

Proof. Recall from (41) that T is an irreducible Uy (Is)-module of highest weight —a,. Taking duals one obtains that
M (—ag)* is isomorphic to I'y /BT I’y as a right U, (Ls)-module. Proposition 6.5 and the categorical equivalence now
imply that 210 = (—ay) is an A-covariant B-bimodule isomorphic to I’y.

As M (—ay) is an irreducible U, ([s)-module it remains to check that d; # 0. This is a special case of the following
lemma which is proved independently of the above claim. W

Lemma 7.4. For all n € Ny the map
Yn: B QM0 — 1.0, b@wr> by o
is surjective.
Proof. It suffices to show that for any w, w’ € W9 such that w — w’ one has
Ywu & Ug(@Uy(Is) ™ (45)

where Uq(IS)+ = kere N U,(ls) denotes the augmentation ideal of U, (ls). Indeed, choose f € £2(w’.0) such that
f(1 ® vy ) # 0. Then for all b € BB one has

On+1BNA R vy.0) = b(Yw,w 1) S Qw,w @) @ Vw.0)-

Since B separates U = Uys(9)/ Uy (g)Uq([S)Jr [6, Prop. 6.1] and yy, v & Uy (g)Uq([g)+ by Assumption (45) and
Yuw,w € Ug(n™), one can choose b € B such that

b(Yw,w' 1) Yw,w' 2 = L.

By assumption on f this implies

g1 (BF) |y # 0. (46)



1. Heckenberger, S. Kolb / Journal of Geometry and Physics 57 (2007) 2316-2344 2335

By the categorical equivalence and Proposition 6.5 the covariant B-module £2"+1-0 contains any irreducible covariant
B-submodule with multiplicity at most one. Since Im v, is a covariant left 5-module relation (46) implies {2(w.0) C

Imy,,.
It remains to verify (45). Assume on the contrary that y,, ,» € V_U, ([E)+ where U, ([E)+ = kere NUy(Ig). Then

Yuw,uw Uy o € V- Uy ([E)*‘vwao C VM®'0) is nonzero because by Remark 4.3 the standard map does not vanish.
Since (ad U, (Is))V™ = V~ and M(w'.0) is an irreducible U, (Is)-module there exists E;, where i # s, such that
Eiyw.w ® vy o # 0. This is a contradiction to /iy, (E; ® vyy0) =0. W

By Lemma 7.3 one has 2" = Ling{a 815 | a, b € B}. Define a map

A0 @p 0 — o

47
(@) Qw > adibNw:=ady+(bw) —ab oyt . “7)
Lemma 7.5. The map A is well defined.
Proof. Recall from the last statement of Corollary 2.3 that y,, ,,» € U, (n™)_g where ws(8) = 1. Therefore
CRI) Ayy,u — 1@ yuu € Ug(Is) Fs @ Uy(Is) C U © Uy(g) (48)

where as before U = Uy(9)/ Uy (g)Uq([s)+. To prove that A is well defined consider a;, b; € B such that
> ai 31b; = 0 or equivalently

D ai(uaybi(ue Fy) =0 Yu € Uy(g). (49)
i
Since a; (ux) = a;(u)e(x) forallu € Uy(g), x € U, (ls) formula (49) is equivalent to

> ai(uay)biuexF) =0 Yu € Uy(g). x € Uy(ls). (50)

Then for all w € 2"%and all u € U, (g) one has

D (@011 (biw) — aibidy110)(u & vy.0)
i

= Zai (u)) [(biw) (Z UQ@)Yw,uw ® Uw’.O) —bi(up)w (Z UG)Yw,w @ vw’.O)]

w/ w/
=Y ai(um) Y by, )@ WE) Y w@) © v o) =0
i w’

where y* = y — £(y) and the last equation follows from (48) and (50). Thus A : 210 x 270 — "+1.0 jg well
defined. Moreover, by definition for a, b € B and w € 29 one has

((01b)a) A w = (01 (ba) — bd1a) N @ = Oyy1(baw) — bdy+1(aw) = 01b A aw
and thus A is defined on 205z 2"0. N
Lemma 7.6. The map A : 210 @5 270 — 2"+10 s surjective.
Proof. One shows by induction that for all ay, . .., a; € B the relation

drar A (Brax A (- Advag) -+ ) = d(adrax A (-~ A dvag) -+ -) (€29)
holds. The claim of the lemma holds for » = 0. Using Lemma 7.4 and (51) one shows by induction on n that

20 = Linc{agdiar A (draz A (-~ (Adian) -+ ) | ag, at, ..., an € B). M
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Asin [7] let FE)A,u denote the universal differential calculus with FODC (9 : B — [). Define a map
"Iy — 0
agday A dax A -+ Aday — apdiar A (drax A (--- A d1ay))
by repeated use of the map A.
Lemma 7.7. The map "* is well defined.

Proof. By definition of FaA it suffices to show that for all a;, b; € B such that ) ; @;0b; = 0 and for all w € k0,
where 0 < k < n — 2, one has Z d1a; A (01h; A w) = 0. This can be seen as follows.

D hai K@ibi Rw) = Y da(aithbi Aw) = Y aid2(dibi A w)
i i

i

=Y @itk 2By 1 (biw) — bidgy10)
i

= Za,-albi A 3k+1w =0. N

Note that by construction ¢* is a morphism of complexes. Moreover, by Theorem 7.1(i) and Proposition 2.2 the
dimensions of the covariant left 53-bimodules FAﬁ and 20 coincide. As (" is a surjective map of covariant left
B-modules by Lemma 7.6 the categorical equivalence implies that " is an isomorphism.

Proposition 7.8. The map * Iy 4 — %0 is an isomorphism of complexes of covariant B-bimodules.

7.3. The differential calculus I 5/\”

Recall from Section 7.1 that there exists a second irreducible covariant FODC (17, d) over B. It follows from
(41) that T; = M (—ay)*. As in the case F;fu the universal differential calculus FA can be obtained as the locally

finite dual of a sequence of U, (g)-modules induced by U, ([s)-modules. This can be seen using the involutive algebra
automorphism coalgebra antlautomorphlsm n:Uy(g) — Uy (g) defined in Section 3.1. The exact sequences Cf, o and

c :E o from the previous subsection can be endowed with a new U, (g)-module structure via 5. Using the isomorphism

VMO") VM) and WM()‘) WMM)" one obtains complexes
S S agim( a/ps) @15 S g;}.
Co,* 0 — CO,dimg/pS — " — CO,O — V() — 0,
and
S S gjim(ﬂ/lﬂs) @S S &y
Cos:0— Cogimgps — - — Co0— Uqg(@ ®u,ps) V(0) — 0,
where
G @ U = @ e
weWs, l(w)=n weWs, l(w)=n

If w,w € WS and w — w’ then the component of the differential which maps V¥ ®@-0" s yM®@"0)" j¢ oiven by
URE o UXy,w' & E_w.0
where xy, v = 1(Yy,u). Taking locally finite duals one obtains a complex

dlm(Q/Ps)
<«

Q0% 10« QOdima/ps I 0= Cce o,

To show that 2°* is isomorphic as a complex of covariant B-bimodules to the complex I%Au constructed in [7, 3.3.2]
the arguments of the last subsection can be repeated.
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7.4. The differential calculus I'y),

Combining the constructions from the previous two subsections the g-analogue of the de Rham complex over
G/Ls can also be realized as a locally finite dual of a sequence of U, (g)-modules induced by U, (Is)-modules. To
this end define

Ga= @B Ww.o wo. (52)

w] ,wzews
l(wy)=n, l(wy)=m

Recall that for each wy, wy € W5 the U, (g)-module W (w;.0, w7.0) is a cyclic module generated by 1 ® (vy,.0 ®
& wy0). Ifwy, wi, wy € WS and w; — w) define a map

h : W(w.0, wp.0) — W(w1 0, w;.0),

wlw Jwy

uQ (vw1.0 ® s—wz.o) = uywl,w'l ® (vw’l,O ® g—w2.0)~
Similarly, if wy, wp, w) € WS and wy — w) define a map

h : W(wi.0, wy.0) > W(wq.0, w2 0),

—wiswy, w

uQ® (le.O ® é—wz.O) = uxwz,w/ ® (vwl‘() ® g—u/z.O)~

Note that the symbol _ in the above definitions of C5 Com oy, ! sy andh,, w! sw is only a formal reminiscence of the

functor _ from Section 5.2. No functorial properties will be used in the present section.

Lemma 7.9. For all wo, wi, wy € WS such that wy — w the maps Ry wiwy @0 By, oy, are well defined.

Proof. Note that
(g)AnnU (15) (V1.0 ® E—wy.0) = Uy (Q)Anan([s) Ywywy ® (V.0 @ E—19.0))

because M(w1.0) @ M(wo.0)* and Uy (Is)Yw,,wy ® (Wwy.0 ® E—wy.0) C W(w2.0, wy.0) are isomorphic as Uy (Is)-
modules by Proposition 5.4. This proves that & is well defined. The second statement follows analogously.
|

For each w, € W one obtains a sequence

—Wwi,wW2;Wq

h

S . Zn+1l,wy S s Ky n—1,wy 1wy S
Comt - Cowy, — anl)wz — . — gO,wz (53)
where
s _ -
Crm= D  W@Ow0. b= D g
w WS, I(w))=n wl,w/leWS. l(wy)=n
U)l—)'ll)/l
This sequence satisfies h,, ,, h, ., ,, = 0 forall n € N. Indeed, the exactness of the sequence (20) implies that for

any w, wy € WS such that [(w;) = n + 1 and /(w}) = n — 1 one has

Z ywl,w; ywi,w’l’ € Uq (ni)Anan([E)(vwa’.O)'
w’leWS,

/
wl~>w,1~>wl,

Similarly, for each w; € W one has a complex

h h h h
S . Zwp,n+l Ky 7u1 n Ky “wp,n—1 7u1 1 S
CS L LS e Tt e (54)
where
S _ —
Com= @ W(w1.0, w2.0), By = 2 : hwl:wz,w’z'
woeWS, [(wr)=n wo, wheWS, I(wy)=n

wy—> u.'é
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To prove exactness of the sequences (53) and (54) we extend the filtrations defined in Section 5.3 to the vector spaces
C,. S and CS . Define

=wi,n*
k ~S k k ~S k
FECS = @ FHWwwi0, w0,  FC = @ FWw.o, w.0).
wleWS. szWS,
l(wy)=n l(wp)=n

Lemma 7.10. For any wi, wy € WS the complexes Qi
respectively.

and C f,wz are filtered by the filtrations F| and F>,

1,%

Proof. Consider wy, w}, w) € WS such that w; — w]. We show that

By s (FAW (w10, w3.0)) C FAW (w}.0, w,.0).

=W, wisw
Define F*M (w2.0)* = @hi(i+u,.0<k M (w2.0);;. Then
FEW (1.0, w2.0) C V4U,(n7) ® vy, 0 @ FXM (w1.0)*

D ViU ) U () ® (Wuy.0 ® §-uy0)-
ht(B)<k

Therefore

Byt sy FAW (1.0, w2.00) € Y7 VaUg ) Ug ()Y, @ W0 ® E-u0)
ht(8)<k

C VilUy(7) ® (vy) 0 ® F M (w3.00)
C ViVo ® M(w).0) ® F*M (wp.0)*.

The statement about C* .. and Fq is verified analogously. W

Let grz, C f w, and grz, C3 . denote the graded complexes associated to the filtrations > and 7, respectively.

=wi,*

Lemma 7.11. One has isomorphisms of complexes

gy C oy = C3 o ® M(wy.0)* (55)
g7, Coy i = Ch L, ® M(w1.0) (56)
for x > Q.

Proof. Fore € th( g <k Uq ([;f) g and u € U, (g) one obtains in analogy to the proof of Lemma 7.10
hwl,wi;wz (u ® (Uw1.0 ® e%_—wz.O)) = ueywl,w’l ® (le.o ® g—wz.o)

Uy ) ® (Vi 0 ® €€y 0) + Fy ' W(w}.0, w3.0).

This shows (55) and (56) is verified analogously. W

m

Proposition 7.12. For any wi, w, € W5 and n € N the complexes Cw1 . and Qf,wz are exact in QS and C;f wy?
respectively.

Proof. This follows immediately from Lemma 7.11 and the exactness of the complexes C3 .0 and C |
The above proposition is one main step in order to prove that C5 +.x defined in (52) together with the maps

.S N .
hn,* . C 7 Cn 1,%° hn,m = Z lln‘wz

wreWS, [(wy)=m

E Cim - Cim 1° En,m = (_l)n Z }—lwl’m

wieWS, [(w))=n

is a double complex.
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Proposition 7.13. (C3 *’*) is a double complex, i.e. for any n, m € N the relation

*,% >k *9
En—l,m ° ﬁn,m + ﬁn,m—l © En,m =0 (57)
holds.

Proof. Note first that the claim of the proposition holds for n = m = 1. Indeed, recall that the simple reflection s;
corresponding to a; is the only element in W¥ of length one and that s;.0 = —a;,. Thus

Ci1 = Ug(®) ®u, (1) (M (0) ® M(—ay)*)
Qf,o = Uy (9) ®u, (1) (M (—a5) @ M(0)")
CT 1 = Uqg(9) ®u, (1) (M (—0ts) @ M(—at)*)

and up to a sign the maps A, , and E*,l are determined by y, 1 = Fy and x5, | = Ej, respectively. Therefore

(hoohyy+higoh; )U® W g ®&y)) =u(FEs — EgFy) @ (v ® &) =0

forallu € U, (g).

Now the proof is performed by induction over n and m. Assume that (57) holds for some n, m € N. We will show
that this implies (57) with n replaced by n + 1. The induction over m is performed analogously.

Note that (57) is equivalent to

0= [ywl,w Xws, wz] ® (v 0 ® sfw’z.O) € grf—l,m—]

for all wy, w}, wa, wj € WS such that /(wy) = n, [(w) = m and w; — w, wa — wj. In particular one gets for any
wi € WS such that I(w{) = n + 1 the relation

Z ywl wl[ywl w) > Xws, w’]®(v ’0®%_—w240) =0

wlews,l(wl) n

ll);/*)ll)lﬁula
and thus using h,, , o h, | , = 0 one obtains

Z [yw’l’,w| s xwz,wé]ywl,wl (U 10 by ‘i:—w O) =0.

wy ews, l(wy)=n
wa/%wlﬁwa

By the exactness stated in Proposition 7.12 for all wl, wi, Wy, w2 c WS, w’l’ — Wi, Wy —> wé, [(w) =n,l(wy) =m
there exist elements Uy € U, (g) such that the relation

[yw’l’,wl ’ xwg,w’z] ® (Vw0 ® E—wé,O) = Z Ut Y’ w ® (V.0 ® gfw’z.O) (58)
wirews

W
wiT—wy

holds. By Corollary 5.6 the above relation implies
0= [yw’l/,wl’ wy, wz] ® (vwl 0o® E—w 0) [S Cn m—1-
This is relation (57) with n replacedbyn +1. W

Using Proposition 7.13 one can now define a double complex of covariant 3-bimodules setting

ot = @ 2wy, wa)

wl,wzews
l(wy)=m, l(wy)=n

where for wy, wy € WS we define

Rwy, wp) = {f € W(wi.0, wp.0)* | dim(f U, (g)) < oo}.
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Note that by definition 2" = {f € Cp,, | dim(fU,(g)) < oo}. Thus the differentials h, . and E** on C, . induce

differentials 9** and @ on £2**, respectively. Proposition 7.13 implies that (2**, 9**, 9"") is a double complex.
Let (£2*, d*) denote the corresponding total complex, i. e. 2" = @, ,_, Q%! and the differential " : 2"~ — "
is given by

n
dr =y a4ttt
m=0
We are now in a position to formulate the main result of this paper.

Theorem 7.14. There exists an isomorphism t* : I'{\ — 2* of complexes of covariant B-bimodules.

The proof is performed as in Section 7.2 up to slight modifications. The details are given for the convenience of
the reader.
Note first that (d' : B — ') is a covariant FODC isomorphic to the FODC (d : B — F(fll) constructed in [7].

Indeed, 2! = 9 @ NO! and FdAll1 = FaM @ I%Alll and the isomorphisms of calculi (21:0,81.0) = ('l 8) and

u a,u’
(201,301 = (Fﬁ/\lll’ ) have been noted in Sections 7.2 and 7.3, respectively.
Next note that the following analogue of Lemma 7.4 holds.
Lemma 7.15. The map
B - " b@we bd"Me
is surjective.

Proof. Note that for all k, [ the covariant B-modules 22X/ and 241/ have no irreducible component in common.
Indeed,

(Z 0 @) = @ Mw;.0)* @ M(w3.0)

wy ,szWS
(wy)=k, l(wy)=I+1

lies in the eigenspace corresponding to the eigenvalue g*=U*D of the action of the element 7(w,) in the simply
connected quantized universal enveloping algebra U, (g) [9, 3.2.9]. Thus to prove surjectivity of ¢, it is sufficient to
show that the maps

br s B k1 — oL b® w> bdw
ak,l cBQ R - ki h® wr bdw

are surjective.
Let wy, wy € WS such that 2(wy, wy) € 281 Choose w) € WS such that w; — w]. Let {&} be a basis of
weight vectors of M (w;.0)*. By the categorical equivalence there exist elements f; € £2(w], w2) such that

Jill ® vy o ®Ej) = dij.

Using the fact that B separates U = Uy(9)/Uy(9) Uq([s)+ [6, Proposition 7] and Corollary 2.3 one sees that there
exists an element by, € B such that

bwl()’w,wg(l)))’w,w; Q) = 5w,w1 forall w € WS, w — U)/l
One obtains
ak’l(bwlfi)(l Q V.o ® éj) = (bw| fi)(yw,w’l Q V.o ® 51) = 6w,wlgi,j-

Let {v;} denote a weight basis of M (w.0). Acting with elements of U, ([s) on ak’l(bwl /i) one obtains elements g; ;.
such that g; j u, (1 @ vk ® &) = 8; x5, and

i jowy Wy =0 forallw € WS, w # wy.
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Thus for the covariant B-bimodule A = Im(¢x 1| 3g 2w, w,)) the pairing

A/BTA x @ M(w;, wy) — C

wleWS

w1~>w/|
is nondegenerate. By the categorical equivalence one obtains

A= @ Q(wl, w2)

wleWS
wl *)ZU/I

which proves the surjectivity of ¢ ;. The surjectivity of Ek, ; is proved analogously. W

The remaining steps to identify (£2*, d*) with (1], d) are now straightforward analogues of the Lemmas 7.5-7.7
and of Proposition 7.8. The proofs are omitted. Define a map

A et —

0 0, ~ (59)
@d’h)Qwr ad’bArw:=ad"(bw) —abd"w.

Lemma 7.16. The map A is well defined.

Lemma 7.17. The map A : 2' @5 2" — Q2" is surjective.
Define a map

STy = 2"

aopda; Aday A -+ Aday — apd®a; A (dCaz A (- A dYy))

by repeated use of the map A.
Lemma 7.18. The map ¥ is well defined.

Proposition 7.19. The map * : I'{¥ — £2* is an isomorphism of complexes of covariant B-bimodules.

Proof of Theorem 7.14. This proof is now performed in complete analogy to the proof of Proposition 7.8. First note
that by construction ¢* : F(f: — 2* is a morphism of complexes. Moreover, by Theorem 7.1(iii), the definition of
2", and Proposition 2.2 the dimensions of the covariant B-modules F(fl’j and 02X coincide. As (" is a surjection of
covariant 3-modules by Lemma 7.17 the categorical equivalence implies that (" is an isomorphism. W
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Appendix. Commonly used notation
Symbols defined in Section 2.1 in order of appearance:

g’ r? b’ R» 7T, ai, R+’ Ri, n+3 niv ('7 ')’ Q9 P: ai\/a ht? C()i, (alj)v P+’ Q+9 V(l“’)’ H(V(M))y G9 S’ QS? Q:S‘F» Rg‘t3
Ps, P, ps, p§, Is, Ls, P& M), W, sq, W, WS, Lw.p, pyw — w',w < w'.
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Section 3.1:

q element of C, not a root of unity

U, (9) quantized enveloping algebra of g

K;, Kl._l, E; F; generators of U, (g)

Ak, & coproduct, antipode, and counit of U, (g)

ad left adjoint action

n algebra isomorphism coalgebra antiautomorphism of U, (g)

U, nh) subalgebra of U, (g) generated by {E; | 1 <i <r}

U;(m™) subalgebra of U, (g) generated by {F; | 1 <i <r}

U° subalgebra of U, (g) generated by {K;, Klfl |1 <i<r}

G+ subalgebra of U, (g) generated by {E; Ki_1 |1 <i<r}

V() irreducible left U, (g)-module of highest weight 1 € Pt

Vi U, (g)-module with action twisted by 7

V(n* right or left U, (g)-module dual to V ()

cf;,v matrix coefficient of V (1)

cVmw space of matrix coefficients of V (u)

CylG] g-deformed coordinate ring of G

Section 3.2:

U, (Ls) subalgebra of U, (g) generated by {E;, F;, Kjil |a; € S,a; € w}
V_ subalgebra of U, (g) generated by {(adk) F; | k € Uy(ls), o; & S}
Vi subalgebra of U, (g) generated by {(ad k) (E; Kl._l) | ke Uy(ls), o & S}
Uy () Uy (™) N Uy (1)

U, (15 G+ NU,(ls)

Uy (ps) subalgebra of U, (g) generated by {E;, Kl.i], Fjlajem aj €5}
Section 4.1:

M) irreducible left U, (Is)-module of highest weight A € PS+

y M) Uq(9) ®u, (ps) ML) for & € P§

v+ VM®) for § = ¢

ps D we RE a/2

Section 4.2:

C}-g PBoews, 1wy=; VMW forafixed u € PT

(pjs boundary operator of BGG resolution

Sww fixed embedding of Verma modules V*-#* — Vit < w/
s(wy, wy) +1

R w' standard map induced by s(w, w’) fi, '

yg,w, element of U, (n™) such that f,, (4 ® vy ) = uyng, ® vy

0
Yw,w' s(w, wyy



Section 5.1:
WwMG)

W)\.

Section 5.2:
Py,

1%

w

I V->W
Ug ()

Section 5.3:

m
w,w’

01,061,062, 062
Wiw,v)
FiF

X

Section 6.1:
A
B

B+

a

()

M
Muy, g

347

Section 6.2:
2(0)

c

Section 7.1:

(F37 8)7 (ng 5)

Ty, Ty
(I, d)
A

a,u’

A A
Fg,u’ Fd,u
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Uq(9) ®u, (15 M (1) for 1 € P;_
WM for § = ¢

canonical surjection WM *) — yM®*)

category of finite direct sums of VM® ) ¢ PS+

category of finite direct sums of WM™, 1 € PJ

functor defined above Proposition 5.3

subalgebra of U, (g) generated by {E, Kl.il, Filajem aj €S}

N
Ny w0

U, (Is)-module homomorphisms defined in and before Proposition 5.4
Uq(9) ®u, (1) (M (1) @ M (v)*)

Filtrations of W (u, v) defined by (27) and (28)

C,[G]

{be Al bayboy(k) =¢e(k)b forallk € Uy (Is)}
{beB|ebd) =0}

A/BTA

canonical pairing U, ([5) X fZ — C

category of finite dimensional left A -comodules
category of finite direct sums of modules of the form M (A)*, 1 € PS+
functor jZ/\/l — My, (1) defined by (36)
cotensor product of P and Q over coalgebra C
category of left .A-covariant left 5-modules
functor “é‘/\/l — (ZM defined by (37)

functor (Z./\/l — é/\/l defined by (38)

{f € WM®)* | dim(fU,(g)) < oo}

canonical inclusion £2(1) — U, (g)*

the two irreducible covariant FODC over B

quantum tangent space of I’y and I, respectively

() ® Iy, d ® )

universal differential calculus of I'y, I, and Iy, respectively.
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